line in Fig. 3. 1In particular, this makes it possible to describe by means of function ¥,
a change for one reason or another of material element resistance to failure due to the
limitedness of average stress.

The presence of function x, in (5.3) makes it possible by using it to describe the ef-
fect of shear strains on the change in volume and average stress. Let deformation proceed

with 0 = y = 0. In this case, according to (5.2) shear strains lead to a change in volume-
_2(1+X2) c o

by the equation e= T VoBt - Let deformation occur without a change in volume. Then
1
shear strains lead to a change in y by the equation %%::-—-2(1+-Xg1@5e“ﬁ and consequently

to a corresponding change in average stress. Presence of function x; in (5.3) makes it
possible by using it to describe the change for one reason or another of elastic shear modu-

~

lus fi.

The examples provided demonstrate that there are very extensive possibilities for de-
scribing different phenomena by introducing nondissipative inelastic strains intc deforma-
tion equations for a material element.
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DIRECT METHOD OF DETERMINING THE DYNAMICAL RESPONSE IN INTERACTIONS
OF CONSTRUCTION ELEMENTS WITH CONCENTRATED MASSES AND RIGIDITIES

A. V. Agafonov UDC 534.1

In many cases of calculation of construction elements (rods, plates, etc.) subjected
to concentrated interactions it is sufficient to know only the strain-stress state of the
considered element directly at the points of load and the element on the whole {or the whole
construction) is of interest only in the sense of its integral response to the interaction.

If the concentrated interaction is given then finding this integral response is usually
not difficult. In the same cases when the interaction depends on the motion of the construc-
tion element itself, determining the integral response necessitates coupling the variation
of the load to the motion of the construction.

To solve such problems one uses the basic method of dynamic susceptibilities [1, 2].
According to this method the solution is constructed in two stages [1]: first, one finds
separately the dynamic susceptibilities of the element and the mass (rigidity) acting on
it under action of a suddenly applied concentrated force; next, one seeks the response to
the interaction of the element with the mass (rigidity) from the integrodifferential equa-
tion expressing the condition of equality of the displacements of the mass and the element
at the point of interaction.

At the same time there exists a possibility of developing a method which permits one
to determine parameters of interest at the point of interaction bypassing the preliminary
determination of the dynamic susceptibilities and shortening the process of solving the
problem. Such a method can be proposed on the basis of integral transforms and the for-
malism of &-functions.

Leningrad. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 5,
pp. 166-172, September-October, 1987. Original article submitted June 26, 1986.
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We will discuss the general scheme of the proposed method on the example of a one-di-
mensional problem. Let the behavior of a certain system in presence of concentrated masses
or rigidities be described by the equation

Lz () + L (w) 8 (2) = P (z, 1), (1)

where w is the unknown function (displacement); Ly+°(...) is the linear operator describing
the behavior of the system; Ly'(...) is the linear operator describing the interaction of
the system with a concentrated mass (rigidity); P(x, t) is the external load; x is the space
coordinate; t is time.

Further, let the external load and the boundary conditions be such that it is possible
to apply the Laplace transform in time and some integral transform (Fourier, Hankel, etc.)
in the coordinate. Then applying integral transforms we have in the image plane

Lo(py vIwpy + Li(v)wylx=g = Py(p, v)- (2)

Here wy, is the image of w; L,(p, v) is a polynomial determined by the operator Ly+°; Li(v)
is a polynomial determined by the operator Ly'; P;(p, v) is a function determined by the
load and the boundary and initial conditions, v is the parameter of the Laplace transform;
p is the parameter of the transform of the coordinate.

From the equality (2) for wy, we obtain

P (p.v) |
lUpv = L_——; (p,’V) — Ll (V) wv o LO(P,'V)' (3)

As we are interested only in w|g=y, it is necessary to know the inverse transform of
the expressions P,(p, v)/Lo(p, v) and 1/Ly(p, v) not for all values of x, but for x = 0,
thus simplifying the solution. Let ¢(v) be the inverse of the expression P,(p, v)/Li(p, V),
and Y(v) of the expression 1/L,(p, v) for x = 0. Then from (2) it follows that

Wyle=g = Q(V)/[1 + Ly(v)p(v)]. (4)

The inversion of the image (4) can be realized either by means of tables of originals and
transforms, or by means of numerical methods of inversion of Laplace transforms.

We note that the proposed method contains elements of the method of dynamical suscepti-
bilities, but the transition to the final expression in the image plane permits one to short-
en the process of obtaining the solution.

Now we consider examples of application of the method to solution of concrete problems.

1. Impact of a Mass on a Half-Infinite String

Let the half-infinite string, whose one end is fastened, be struck at distance % from
this end by a mass M; and velocity v,. In dimensionless coordinates

E=1z/l, v = VTim-(t/]) (5)

the motion of the system string—mass is described (until the mass separates) by the follow-
ing boundary-value problem

w Pw 8w N

Fi} Q for 1,
for T=Ow=0~’5’:—={vl for %ti; (7)
for E=0w=0, for £ =00 w=0. (8)

Here M = My/m&; v = vo/VT/m; 8(...)8 is the §-function; m is the linear mass of the string;
T is the tension of the string; w is the deflection.

Applying to (6) the Laplace transform in T and the sine Fourier transform in £ we ob-
tain the equation in the image plane

(P® + V) wpy + l/ J—‘:‘— Mv2w,

o2 : 9
g, SIRP = ]/'R Muylsin p, (9)

800



Fig. 1
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0 2 4 T
where wp, is the Laplace and Fourier image of deflection (w, is the Laplace image); p is
the parameter of the Fourier transform; v is the parameter of the Laplace transform.

Solving (9) with respect to wpy and inverting it by Fourier, we have

— a2 Ew sin p-sin p§

wy =M [vl — V'wy |g=,] = s-—;?;jgr'dp- (105
0

For £ = 1 (the point of impact) the integral entering (10) is equal {3]

oo

. singp = —av
I*§p2+v2_4_;(1_g )-

Taking into account this equality we get from (10)

M {—e %

1
Wy gy = 5 vI— .
20w 1+—{¥v(1—e"2")

(11)

Expanding the fraction on the right-hand side of (11) in series in powers of e”?V we find

M nl
—ov Rt _:2_ ve 2V

2

M 1 1 1— e
TV 1 M M
v[l—}-—z‘vJ 145 v n=o 1+~2—v

wvl§=1= p)

The factors e™?NV, as usual, take into account successive reflections of waves from the
fastening and the mass.

Inverting the last expression using tables of transforms and coriginals (see, e.g., [4])
we obtain for the deflection at the point of impact (for 1 < 6)

2T 2(t—2

' ki _2(t~2)
wkﬂsngwﬂi—ém4%@%—h—(l+Eﬂﬁﬁge M]%h—%—

2 2(t—1)
2(r—4 | A4
—i—%fl]e M %@~4L.l

(12)

The resulting solution is valid until the moment of separation of the mass from the
string. Since this separation occurs when during the reverse motion the velocity of the
string at point £ = 1 attains its maximal value, the moment of separation can be determined
from the equation d?w/dt?|g=; = 0.

The plots of the variation in time of the dimensionless deflection w' = 2w/(Mvi) for
various values of M are given in Fig. 1 where curves 1-3 are for M = 4, 8, 16; and curves
1'-3' are for an infinite string.

2. Impact of a Mass on a Beam of Finite Length

Let the beam of length 2% be freely supported and be struck in the middle by a mass M,
with velocity v,. Then in dimensionless coordinates

tmat, =) 2 [0 (13)
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the motion of the beam with the mass after impact is described by the following boundary-
value problem

=4

v Fw w o . .
4+ M —=8(E—1 =0,
+ ot + at? E )

13
9 (14)
for g:oy 2 ZU:Z“;UZO’
E
611} lO for #1’

g
for v=0w=0, 571 for g—1.
In (13), (14) M = My/me; v = v,/vD/m22; m is the linear mass of the beam and D its bending
rigidity.
To construct the solution we use the Laplace transform in 1 and a finite sine Fourier
transform in §. As the solution should be symmetric with respect to £ = 1 the sine func-
tions with an odd number of argument only will occur in the solution. Proceeding in this

2

2

manner for the transform wygr—y ==jwvshﬁgﬁigﬂﬂédg we obtainzmxn_n[fk 1)n4+v{y+( — 11K

0 — 1 M (vl — v, [
My [y = (— 11 Ml, and finally Weenen = —2 2;;_1(: = i)
far

sion by the Fourier transform and solving the resulting expression for WV‘E=1 we get

Inverting the last expres-

4 » 1
Myl > —
Y ( : El @k —1)* + Vv /a)* ' (15)

Wy |§=1 =

400
1 MZ-:-) LI
(5] 2 e e
The sum appearing in (15) is evaluated [3]

S:(i)4i 1 1 5h(21/5)+sin(2]/2_5)___i_Sh(-l/ij)-i-Sin(VzE)].
n) A ek—D @YVt 2v Yy | (271/2v) —cos (2/2v) 2 ch(1/2v) — cos (V2v)

Due to the complexity of the expression for S the image (15) can be inverted only numer-
ically. At the same time the structure of the expression for $ allows construction of an
asymptotic analytical solution, valid for a_limited time interval. Expanding (in analogy to
the string) S in series in powers of e ~k/'zv and retaining the terms with the factor e T2vay
inclusive; we find

S Y ——r V [1 — e~V (sm V2v + cos VZV)]

2 2w

(the terms with the factor e~2V2v cancel).

Substituting the last expression into (15) and again expanding the right-hand side in
series in powers of e~k/2v (up to e-z/zv) we get

Mvl 1
Wy Jpm = 2V2v'l/v 1:/1 e e=V® [sin}/2v + cosV 2v]— e
Zv—w 1— 2‘—'—1/2 v

)

2ys _
—2VE W14 sin V)]
1+5—17‘5W j
To invert (16) we use the operation of convolution and tabulated formulas [4]

e—Vav .

] exp(-,—a-\.
Vv © Var 4T )®

o“"/a—"cos VVov 1 cos(—a)
Vv Vm 4T
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- ..-Sl[l

Vv Vot

and the relationship following from the Efros theorem [2, 5]

e~V *sinlav - ( o )

AR ;_Tep( S,
where F(v) ¥+ f(1).

Inverting in (16) the rational-fraction factors with the aid of the last relationship

and the factors with e'/2V, etc., with the aid of the table relations given above and apply-
ing the convolution, we get for w{£=1

W e=1 ZV_[wl+ Wy + wg + wy]. (17)
Here w, = 1/_ Vi— 21/~[1 @1 (D];

w, =—-—§[1——(p1(1: —2z)— 11‘;2 (92(1:-«z)]v_(sm— + cosi)dz;

wsz__?%3§¢41 zLV_expt—%)d

We = _Tf(Pz(T?-Z) 1/15525”1( )dz
- 42 o2 7]

2 - 2VT
@ (1) = Ve T—2—};——w1(r);

(D(T) 'ﬁdz is the probability integral.

V—

The first term in (17) represents the deflection of an infinite beam upon impact of a
mass, and the remaining terms account for the influence of the support on the deflection
of the beam. As was shown by numerical calculation the main contribution to the total de-
flection besides the one form w; is due to the component w,. The component w,, containing
under integral a fast-oscillating for z » 0 function sin(4/z), and the component wy con-
taining under integral a fast-decaying for z + 0 function e ?/2, do not together exceed
10% of the component w,. The rejected components (corresponding to k > 2 in the expansion

in e k/2V) yill contain integrals of still faster oscillating functions of the type sin (6/
z) and faster decaying functions of the type e'“/z, etc. Therefore, one can assert that
the contribution of the rejected terms will be yet smaller than the contribution of wy; and
w, and the proposed asymptotic solution can be used at least for T < 6.

The plots of the variation of the dimensionless deflection w;' = 2vV2w/Mvf for various
values of M are shown in Fig. 2, where curves 1-3 show the deflection for M = 2, 4, 6;
curves 1'-3' show the same for an infinite beam.

3. Action of a Concentrated Force on an Infinite String

Fastened to a Membrane.

Let us consider a string with the transverse cross-sectional area F, under tension T,
fastened to a membrane of thickness h under tension T;. The string is acted upon by a con-
centrated force P f(t). The material of the string and membrane is assumed to be the same
for simplicity, and the tensions such that the stresses in the string and the membrane are
. . . . . ; T ok
identical, i.e., T,/h = T/F. In dimensionless coordinates g:%, n:—%, = 4 I;/p
tion of such a system is described by the equation (the axis £ is directed along the string)

t the mo-
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Fig. 3

Pw v Fw 8w £, T F
—_ = — — T 6(n) =0, a® =7+~ ==.
o + a? [a§2 62]6(71) + 7 f( )8(8)d (n) LS O (18)
The initial and boundary conditions (for £ = #«, n = tw) are zero
Applying to (18) the double Fourier transform in £ and n and the Laplace transform in
{ P
V=“2 (P* + v*) wpy [n—p = ﬁ‘ﬁfv

T, we obtain for the image Ypqu the equallty (p* -+q~4—\ﬂ)wpw-+
: 1 1

£ th ff , £ hich = — 0 —a? (p? + V2 o | —————.

[fy, is the image of £(1)], from which we get wpg 'Vén[1/2 T1ff a®(p +'v)u%vh“°]p3+-f-+v2

Inverting this last expression with respect to q using the known value of the integral [3]

. dg  _ @m1
quqz-t-az_—z‘;
¢
and solving the resulting equality for wPVlﬂ o we have
P, 1 1y
(19)

Wy Ineo = 577
s T‘”“V&%ﬂzp+ Vp+w]

To invert the image (19) we use the relationship following from the Efros theorem

F(VViss +p2)_,5.] (p VE=2)](2)dz,

V2 +p* b
.) is the Bessel function of the first kind of index 0. By 1nvert-
=1

where F(v) 3+ £(1); J,(..
ing (19) by Fourier and Laplace transforms using the last relationship, we find for f,,

(£(x) = &(1))
o SJ’ (p V& =) cos ptdp.

ot__—-),\

Py 4
wE D= =75

Since [3, 6]
- 1 2 2 2
Ta oy ———- % 22T —§ P
j To(p VE=2)cos prap = | Ve — ¥~
o 0 , 21222,
then
Vri—gz _._22: . /2 —-%V@Tgisimp
a d(P

a
[ ¥
N
l
‘il@
ﬁl»
Sy
o

L
V,tz__ (é2__22

w (8 1) ln=o =
= V&= Ey, y = sin ).

The plots of variation in time of the dimensionless deflection w —-l,hw(E,T)h-o for
= b 4 >

different values of £ and ¢? and are shown in Fig. 3, where curves 1'-3' are for £ = 0, 2
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43 and curves 1-4 fora? = 4, 2, 1, 0.5. It is apparent that for fixed value of the ratio
T/h with decreasing parameter a? the drop of deflection in time becomes steeper, while for
a? - « the character of the time variation of the deflection approaches the variation of
deflection for an isolated string.
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